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ABSTRACT. In the present paper we investigate the stability of the
ascent and descent of a linear operator T when T is subjected to a per-
turbation by a linear operator C which commutes with 7. The domains
and ranges of T and C lie in some linear space X. The results are used
to characterize the Browder essential spectrum of 7. We conclude with a
number of remarks concerning the notion of commutativity used in the pres-
ent paper.

Introduction. To discuss ascent and descent one must consider iterates of
operators. Some sort of commutativity of T and C is necessary in order to
meaningfully compare operators such as T* and (T + C)* and to *‘factor’’ oper-
ator products (cf. Lemma 1.4). We shall say a linear operator C commutes with
T if (i) the domain of C, P(C), contains the domain of T, (ii) Cx € N(T) when-
ever x € fD(T), and (iii) TCx = CTx for x € D(T?). This definition coincides
with the usual one when T and C are defined on all of X. Note that T com-
mutes with itself if and only if T maps D(T) into P(T).

In $1 we collect together a number of preliminary lemmas about operators
T and C such that C commutes with T. In §2 we show by purely algebraic
methods that the finiteness of the ascent or descent of T is retained by the
operator T + C when C commutes with T and a certain power of C has finite-
dimensional range. In general this does not hold if C is a compact operator,
but similar results may be obtained when some restrictions are placed on T.
This is shown in §3, where we consider perturbations by compact operators,
Riesz operators and T*-compact operators. In $4 we use the results of $3 to
characterize the Browder essential spectrum. The main results of this section
have been announced earlier by the second author (see [9]). In the final section
we discuss the commutativity condition used here. Among other things we show
that there exists a closed operator T such that the only bounded operators com-

muting with T are scalar multiples of the identity operator.
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1. Algebraic properties of commuting operators. To deal with ascent and
descent one has to consider iterates of an operator. Let T and C be linear
operators with domains and ranges in the linear space X. The domains of T and
C are denoted by D(T) and D(C) respectively. The product of C and T is the

linear operator CT with domain

N(CT) = {x € NT)|Tx € DO}
and defined by

CTx = C(Tx)  (x € PCT)).

Iterates of T are now defined by induction. By definition, T! =T, and for n> 1 the oper-
ator T" is defined to be the product of T and T"~!, i.e. T® = TT" 1. T shall be read

as the identity operator on X.
In this section we collect together a number of lemmas about T, T + C and
their iterates.

1.1. Lemma. If C commutes with T, then — C commutes with T + C.

Proof. By definition, DT + C) = !T), and thus CI(T + C) C (T + Q).
Take x in DUT + €)?). Then x e NT) = T + ©) and Tx + Cx =

(T + Ox e (T + C). Also, Cx e T + C), so Tx € VT + C) = NT), and

x € D(T?). From Cx € CP(T) C UT) CD(C) we see that x € fD(Cz). Thus we have

(T + C)Cx = TCx + C%x = CTx + C%x = C(T + O)x,

that is, — C commutes with T + C.

1.2. Lemma. Suppose that C commutes with T. Then for n=1,2, ...,
(a) C(T™) C NT™);

(b) CR(T™ CTUT™), where N(T™) is the null space of T";

(c) DT € D(C™;

(d) T"C™x = C™T"x for all x in D(T™) and m=1, 2, ++-;

(e) (TO)"x = T"C"x = C"T"x = (CT)"x for x in D(7™*1);

) D™ = DUT + O™,

@ (T + O« = 2:;0 (:l) T iCix = 27 (D CI T ix for x in D(T™).

=0 1

Proof. The verification of the statements above by induction is straight-
forward (although somewhat tedious) and will be omitted.

Note that (a) and (d) of Lemma 1.2 together imply that C™ commutes with T
for any m. This observation is useful in the proof of the next lemma.

Suppose that T is one-one and onto. Then the inverse map T-!is well
defined and D(T~ 1) = X. Observe that T~ ! commutes with T. Forn=1,2,...,
we define T-" to be the nth iterate of T~ 1, i.e. T™" = (T~ 1)". It is easily
seen that T™" = (T™)~ 1,
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1.3, Lemma. Suppose that C commutes with T. If T is one-to-one and maps
D(T) onto X, then, for m, m=1,2,...,

(i) T™"C™x = C™T ™ "x for x € D(T);

GI)(CT~V)"x = C*"T ™ "x for x € X.

Proof. Also omitted.

1.4. Lemma. Suppose that C commutes with T. If T is one-to-one and onto
X, then, forn=1,2,...,

(1) (T+C) =+ CT")VT" = T(1 + CT~ V).

Proof. Since D1+ T~ = X, DI+ cT~H)*17"] = D(T™). By Lemma 1.3,
~lyn, N /n “1yi, N (7\ ip—i
2) (I+ CT™V"x = Z_;(Z_)(CT )ix = ;(Z)c T ix,

From Lemma 1.2(a) we conclude that (I + CT™1)"x — x € D(T). Therefore,
x € D(T) whenever (I + CT™1)x € D(T). In this case, CT™ !x € D(T?), so that
(2) implies (I + CT~ e _x e D(T). Proceeding with the same argument, one
sees that x € D(T™) whenever (I + CT™1)"x € D(T™). The converse is also true.
Hence DT (1 + cT~1)"] = D(T™). In view of Lemma 1.2(f), this shows that the
operators in (1) have the same domain.
Now given x € D(T™), we may write x = T~ "w for some w € X. From Lemma
1.2(g) and (2), we have
7
(T+Cx=. (:’) CIT" UT™"w) = (I + CT™YY'w = (1 + CT= 1" T"x,
(=0

The verification of the second equality in (1) is similar.

2. Finite-dimensional perturbations. In this section T and C are linear oper-
ators with domains and ranges in the linear space X.

Following the notation and terminology of [16], we let n(T) be the nullity of
T, i.e. the dimension of the null space JU(T) of T; and we let d(T) be the de-
fect of T, i.e. the codimension of the range R(T) of T. The ascent of T, a(T),
is the smallest nonnegative integer p such that JU(T?) = U(T?*Y); if no such p
exists, we define a(T) = + . Similarly, the descent of T, 8(T), is the smallest

nonnegative integer ¢ such that R(T7) = R(T9*1), and §(T) = + = if no such q
exists.

2.1. Lemma. Suppose that C commutes with T. Then, for k, n=1, 2, .- ,

) < dim R(C*);

) dim
@ (T + O+, -11AN(T™
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@(T" +h— l)
dim -
RUT + O"INR(T™++-1)
Proof. Let X be a subspace of TU(T™ such that
(T™ = AT + O™ In T @ X,

(b) < dimR(Ck).

It follows from Lemma 1.2(g) that (T + c)ntk1 maps J(T™) into R(c*k). since
(T + ©)** ! is one-to-one on X, dimX < dim R(C*¥). This proves (a).

To prove (b), let x|, ---, x_ be in P(T™**71) such that T"+’°°1xl, cen,
T”+k-lxm are linearly independent in R(T™**71) modulo R[(T + C)"]
AR(T"**"Y). Since ~ C commutes with T + C (Lemma 1.1), we may interchange

T and T + C in Lemma 1.2(g). It follows that, for i =1, .-, m,

T"*k-lxi =(T + C)"ui + Ckvi,

for suitable #; and v, If m> dim R(C*), then there exist constants a, e, a,.

not all zero, such that 2;"=laiCkvi =0, and hence
n+R— = n
Zl a,T X, = ;ai(T +C) U
1= 1=

Since the a; are not all zero, {T"+k_lxi}:.”=1

RUT + O™ A R(T"*™* 1), a contradiction. Thus m < dim R(C*), which proves
).

is not linearly independent modulo

2.2. Theorem. Suppose that C commutes with T and dimR(CF) < oo for
some integer k > 1. Then, if T bhas [inite ascent (resp. descent), T + C has fi-

nite ascent (resp. descent).

Proof. Suppose that a(T) = p <oce. For n > p, let

i ur®) ) Jur?)
a =dim = dim ’
" TUT + O~ 11 AT TUT + o)+ 1nluT?)
b _d (T + )] , (T + O]

im =dim .
" JUT + O 1AN(T+*-1) J(T + " InT(T?)

By Lemma 2.1(a), a < dimm(Ck) < co. Since the null spaces of the iterates of
T + C form an increasing nest of subspaces, it follows that there is an integer

N> p such that a =a, for » > N. But this implies

(3) NUT + O 1N TUT?) = NUT + N1 A N(T?)

for i>N + k- 1. By Lemma 1.1, we may interchange T and T + C in Lemma
2.1(a) to conclude that bn < dimﬁ{(Ck) < oo. Clearly, bn < bn+l < «os (for 7> p),
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and there is an integer M > N + k— 1 such that b =5, for » > M. When combined with
(3) this implies that (T + O™ =N[(T + OM] for n> M, i.e. AT + C) <M <ww.
The proof for the case when T has finite descent is similar and will be omitted.
Suppose that C is a linear operator on X with the following property: “‘If T
is a linear operator such that C commutes with T and a(T) <o and &(T) < o,
then a(T + C) < oo and &(T + C) < 0.’ Then, by taking T to be scalar multiples
of the identity operator, we see that

(4) a(M + C) <o and Sl + C) < oo

for all A. In the next section we will generalize Theorem 2.2 when T is a closed
linear operator on a Banach space X. If we try to consider a perturbation by a
bounded operator C (with $(C) = X), then (4) implies that the spectrum of C
must consist of a finite set of poles of the resolvent operator (cf. Theorem 4.3 of
[10]). In particular, (4) implies that Theorem 2.2 will not be true if “Ck has fi-
nite-dimensional range’’ is replaced by *‘C is compact’’. However, this result
does hold if one places some restrictions on T. (This will be proved in the next
section.)

It is an open question whether or not the class of operators having some
iterate with finite-dimensional range is characterized by the property mentioned
at the beginning of the preceding paragraph.

3. Compact perturbations. In this section T and C are linear operators with
domains and ranges in the Banach space X, and T is a closed operator. Note
that we do not require {D(T) to be dense in X.

3.1. Proposition. Suppose that

(5) AT) = d(T) < + o and oT) < + oo

Then there exists a bounded linear operator B defined on X with finite-dimen-
sional range and such that

(a) BTx = TBx for x € $(T); in particular, B commutes with T,

(b) 0 € p(T + B), i.e. T + B has a bounded inverse defined on X,

(c) if C commutes with T, then CBx = BCx for x € D(T).

Proof. By Theorem 4.3 of [7],
(6) X = UT?) @ R(T?)

where p = a(T). Let B be the projection of X onto JU(T?) along R(T?). Clearly,
B is defined on all of X and dimR(B) < . Since T is a closed linear operator
with finite nullity and defect, T is a Fredholm operator. Therefore T? is a Fred-
holm operator, and consequently J(T?) and R(T?) are closed subspaces of X.
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This means that B is a bounded linear operator on X.

It is easy to verify that B satisfies (a), (b), and (c).

It can be shown that the conditions in (5) imply that 0 is a pole of finite
rank of the resolvent operator (A — T)~l. The proof of this for the case when T
is densely defined is contained in the proofs of Corollary 4 and Theorem 7 of
[8] and in the proof of Theorem 2.1 of [10]). In those references the hypothesis
M= X was used to establish (6) and was not subsequently needed. The argu-
ments in [8] and [10] therefore apply to the present situation, and will not be re-
peated here. The operator B introduced in the proof of Proposition 3.1 is the spec-
tral projection corresponding to the spectral set {0} (cf. the proof of Lemma 2.7

in [15]).
3.2. Theorem. Suppose that 0 € p(T), and let C be a compact operator on X
which commutes with T. Then
T +C)=d(T + C) <o and al(T + C)=8(T+ C)< .

Proof. From Lemma 1.4 we see that, for n =1, 2, ++-,
NUT + O™ =G+ cT~H"],  RUT + O™ = RlU + cT~H"L.

Now CT~! is compact since it is the product of a compact operator and a bound-
ed operator. The theorem now follows from the Riesz theory for compact operators.
Theorem 3.2 would not be true if the condition that C commutes with T were
removed. For example, let X be the Banach space
o0
Z |x | < oo,
1
— 00

ll= (...,x-l,xo’xl7...)

Define T on X by

(To, =x,_; for n=0,41, %2, ...,

and let C be defined by

0 or 1,
(SR e

%, for n=1.

Then T is a bounded linear operator on X, 0 € p(T) and C is a compact opera-
tor, but a(T + C) = 6(T + C) = .

It is clear from the proof of Theorem 3.2 that the result of the theorem also
holds if C is a linear operator commuting with T and such that CT~! has the
same spectral properties as a compact operator, i.e. such that CT~! is a Riesz

operator. Therefore the following lemmas are of interest.
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3.3. Lemma. Suppose that 0 € p(T), and let C be a Riesz operator on X

commuting with T. Then CT ™! is a Riesz operator.

Proof. Consider the quotient algebra [X1/X of the bounded operators on X
modulo the compact operators, and use the well-known fact that an operator in [X]
is Riesz if and only if its spectral radius in [X1/K is zero. By Lemma 1.3,
(CT-H*=C"T~" for n=1,2,3, -+ . Viewing this equation in [X1/K, it is easy
to see that the image of CT~! in [X1/K has a spectral radius of zero.

A linear operator C with $(C) D I(T) is said to be Tk-compact (for & some
natural number) if, for any sequence {x }C D(TH) satistying =, + ||Tkxn” <
const., the sequence {an§ has a convergent subsequence. If 0 € p(T) and
(C) > P(T), it is not difficult to show that C is T*-compact ifand only if CT~*
is a compact operator on X (cf.[3, p. 201]).

3.4. Lemma. Suppose that 0 € p(T), and let C be a T*-compact operator
commuting with T. Then (CT"I)’e is a compact operator on X; in particular cT-!

is a Riesz operator.

Proof. We first prove that CT~! is a bounded linear operator on X. If k=1
then CT~! is compact and hence bounded. Suppose k> 1. Let {yn} be a null

sequence in X, and suppose that CT~ lyn—v w in X. Then by Lemma 1.3 and the
boundedness of T~ %= D,

CT—ky" - T-(k—l )(CT— lyn) — T—(k—l )w.

On the other hand, CT~* is bounded and so CT'kyn must be a null sequence.
This implies w = 0. It follows that CT~! has a closed extension. Since the do-
main of CT~! is all of X, CT~! must itself be closed. But then CT~! is
bounded by the closed graph theorem.

To show that (CT~1)* is compact, we use Lemma 1.3 to see that

RUCT=1H*] = c*D(T*) c cD(T*) = CR(T—*) = R(CT*).

Since C is Tk-compact, CT* is compact on X. Thus (CT~1)* is a bounded
operator whose range is contained in that of a compact operator. A result of
Phillips implies that (CT~!)* is compact (cf. Theorem 2.13.8 of [6]).

3.5. Theorem. Suppose that n(T) = d(T) < = and a(T) < . Let C commute
with T and suppose that C satisfies at least one of the following conditions:
(i) C is a compact linear operator on X;
(ii) C is a Riesz operator;
(iii) C is T*-compact.
Then T + C is closed and
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™) AMT + C)=d(T +C) < oo und alT + C)=86(T+ C) < .

Proof. By Proposition 3.1 there exists a bounded linear operator B with finite-
dimensional range such that 0 € p(T + B), BTx = TBx for x € P(T), and CBx =
BCx for x € T(T). It follows that — B + C commutes with T + B. Furthermore,
since B is a compact operator,

(i) if C is compact, then — B + C is compact;

(ii) if C is a Riesz operator, then so is - B + C;

(iii)’ if C is T*-compact, then — B + C is (T + B)*-compact.

To verify this last statement, we note that (T + B)* and T* are closed lin-
ear operators (see [4, Corollary IV.2.12]) with the same domain. Thus there ex-
ists a constant M > 0 such that | T*x|| <M(|x| + | (T + B)®x|)) for all x in TH).
From this it follows that C is (T + B)k-compact. But B is compact, so - B + C
is (T + B)*-compact.

Next we observe that
T+C=(T+B)+(-8B+0O.

Formula (7) now follows from Lemma 3.3, Lemma 3.4 and the remark preceding
Lemma 3.3.

It remains to show that T + C is closed. Without loss of generality (se:the
first part of the proof) we may suppose that 0 € p(T). We know that each of the
conditions (i), (ii) and (iii) implies that CT~! is a bounded linear operator on X.
By Lemma 1.4, T + C = T(I + CT~1!). Since T is closed, the last formula implies
T + C is closed.

The conclusions of Theorem 3.5 remain valid if the condition a(T) < + « is

replaced by
T) is dense in X and &(T) < + o

To see this we note the following. From n(T) = d(T) <+ o and the fact that
P(T) is dense in X, it follows that T? is a densely defined linear operator (see
[4, Theorem IV.2.7(iv)]), where g = &(T). Since R(T) is closed and has finite
codimension, it follows that X = D(T9) + K(T). But then n(T) = d(T) < + = and
HT) < + o imply that a(T) = 8(T) < + = (see Theorem 4.6 of [7]). The observa-
tion made above now follows from Theorem 3.5.
Suppose that C is a bounded linear operator with the following property: *‘If

T is a bounded linear operator such that C commutes with T, n(T) = d(T) <
and a(T) <+ o, then n(T + C) =T + C) <o and al(T + C) = §(T + C) < 00.”’
Then, by taking nonzero multiples of the identity operator, we see that

2M+ C)=dM + CO) <o and oM + C) =8\ + C) < =,
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for all A£0Q, i.e. C is a Riesz operator. Thus condition (ii) in Theorem 3.5 can-
not be weakened if C is a bounded linear operator defined on all of X. This re-
sult is essentially Theorem 2.6 in [15].

It is not necessary to consider perturbations by T-pseudo-compact operators
or by T %-pseudo-compact operators (cf. [14]). This follows from the remarks
following Theorem S in $3 of [5].

4. Invariance of the essential spectrum. The results of the previous section
can be used to give two characterizations of the essential spectrum of T, ess(T),
as defined by F. E. Browder [1]. It is well known (cf. {5], [14]) that if T is a
closed linear operator with domain and range in a Banach space X, then ess(T)

is the complement in the complex plane of the set

fA € C|n(A -~ T) = d\ - T) < = and a deleted neighbourhood of A
is in the resolvent set of T}.

Let & be a set of linear operators whose domains and ranges lie in X. We shall
say that a subset A of the spectrum of T, o(T), remains invariant under pertur-
bations of T by operators in & if A C [ seso(T +9).

In the present section we show that ess(T) is the largest subset of the spec-
trum which is invariant under compact and certain other commuting perturbations

of T. The main results of this section have been announced earlier in [9].

4.1. Theorem. Let T be a closed linear operator on a Banach space X. Then
ess(T) is the largest subset of the spectrum of T which remains invariant under

perturbations of T by Riesz operators which commute with T.

Proof. Suppose that A € ¢(T)\ess(T). Then by Theorem 9.6 of [16], A is a
pole of the resolvent operator, and Theorem 9.1 of [16] implies that a( A — T) < co.
Substituting T — A for T in Proposition 3.1, we see that there exists a bounded
linear operator B which commutes with T — A (and hence commutes with T), and
A ¢ o(T + B). The operator B is Riesz since it has finite-dimensional range.

On the other hand, suppose that A is in the spectrum of T and there is a
Riesz operator B which commutes with T such that A is not in the spectrum of
T + B. Then — B commutes with T — A+ B by Lemma 1.1. Now

T -X+B)=d(T -X+B)=0 and ofT -A+B)=0.
Then, by Theorem 3.5,
(T -AN=d(T-X) <o and ofT -]A)=8(T-=2A)< oo
Furthermore, R[(T — M?] is closed, since T — A is a Fredholm operator. Using

Theorem 9.4 of [16] we can conclude that A is an isolated point of o(T). Thus
A £ ess(T).
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It follows from the remarks at the end of the preceding section that the set of
Riesz operators considered in Theorem 4.1 cannot be enlarged to contain any
other bounded linear operator defined on all of X.

Theorem 4.1 remains true if *‘Riesz’’ is replaced by ‘“‘compact’’ (this is the
Corollary in [9]; see also Theorem 1(b) in [17], where this result is proved for
bounded operators) or by ”Tk-compact” (where k depends on the perturbing
operator). To see this we note that the operator B used in the first paragraph of
the proof of Theorem 4.1 is a bounded linear operator with 9(B) = X and further
B has finite-dimensional range. This implies that B is compact and B is T*-
compact for any k. The rest of the argument is the same as the second part of the
proof of Theorem 4.1, when “‘Riesz’’ is replaced by ‘‘compact’’ or “Tk-compact”.

The fact that Theorem 4.1 remains true if “‘Riesz’’ is replaced by “T*.com-
pact’’ is somewhat surprising. Gustafson and Weidmann [5] have shown that, in
general, for k& > 2 the Wolf essential spectrum of T is not invariant under T*-

compact perturbations of T.

5. Remarks. In this section we present a number of remarks concerning the
commutativity condition used in the present paper.

a. The requirement that C commutes with T is not in general a symmetric
property. Caradus has given a definition of commutativity which does not have
this deficiency (see Condition 3 in [2]). We have not used Caradus’ definition,
since it is not clear to us how one can compare T® and (T + C)* using his def-
inition. Lemma 1.1 and Lemma 1.2(g) are basic in the present paper. If they hold
for an operator C with P@)>P(T) and C commuting with T in the sense of
Caradus, it would be desirable to use his definition.

b. Let T and C be linear operators with domains and ranges in the Banach
space X, and let T be a closed operator. It is interesting to note that under the

conditions of Lemma 3.4 the Tk-compactness of C implies that the map

(8) C: NT) - X

is bounded in norm. The proof of this is based on the following lemma, which is
due to R. D. Nussbaum.

5.1. Lemma. Suppose that o(T) # @ and let C be a T-bounded operator

commuting with T. Then the map (8) is bounded in norm.

Proof. See [13, Remark 3].
5.2. Proposition. Suppose that p(T) # @ and let C be a Tlé-compact opera-

tor commuting with T. Then the map (8) is bounded in norm.

Proof. Without loss of generality we may suppose that 0 € p(T). Then we
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know from Lemma 3.4 that CT~1: X— X is bounded. Hence, for each x in
%),

Icxll = le(r= 1 T=)|| = (T~ D7)

< T DI Tl < ET™ DI el + [T,
This implies that C is T-bounded. So we can use Lemma 5.1 to get the desired
result.

c. The requirement that C commutes with T severely limits the class of per-
turbing operators. In the following we shall show that there exists a closed oper-
ator T such that the only bounded operators commuting with T are scalar multi-
ples of the identity operator. The proof of this result is based on a variation of
an argument used earlier by I. S. Murphy (see the proof of Theorem 1 in [11]).

We shall be dealing with weighted shifts on the Banach space [, of all ab-
solutely convergent complex sequences (but the result we prove holds for any
Banach space with a Schauder basis). An element of ll will be denoted by x =
(k) %y oe0).

Let {an} be a sequence of nonzero complex numbers. We do not suppose that
{an} is a bounded sequence. Further, let T denote the (possibly unbounded)

weighted shift acting in /| with weights a,, a , «.+ . So the domain of T is the

1
set

Wﬂ=3xe“

2.
Zl‘anxnl <+ m%’
n=

and on T) the operator T is defined by the following formula:

(Tx)n=;

It is easy to see that T is a closed linear operator with domain and range in ll'

o, %,y fJorm=1,

0 for n=1.

Let e  be the element in /, with all coordinates 0 except the nth, which is
equal to 1. The following lemma is an immediate consequence of the definition of
T; its proof will be omitted.

5.3. Lemma. For n,k=1, 2, ---, the element e, € D(T*) and Tke’z =

a a

n n+1-.oa

ntk—1€n +k°

Now let C be a bounded linear operator on [/ , commuting with T. Suppose

1’

(9) Cey = (Bys Byre o)

5.4. Lemma. For k=1, 2, ---, the element Ce, € D(T*) and

00

k - E
T Ce; = - a0 O B

1=
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Further, TkCe1 = CT"e1 =a.a

13y e Ce

kt1

Proof. Since e € D(T*) for any k, Lemma 1.2(a) shows that Ce € D(TH).
Further, we can use Lemma 1.2(d) to show that T"Cel = CT*e . The remainder
of the proof is a straightforward verification and will be omitted.

Note that Lemma 5.4 implies that the action of C on e, (k=1,2,..+) is

determined by T and the action of C on e . Since C is bounded on [, it follows

1’
that C is completely determined by T and formula (9).

Put

m - .
)= Bl + 3 B gy,
jEl Ay Qyee-a
Then p_(T) is a linear operator with domain P(T™). So pm(T)e'lc is well defined

for k=1,2,--- . Note that pm(T)e'1 = Zmﬂﬁiei. For k=1, 2, .-, we have

i=1

n, B
p(Tey. =Brey, + Z—al O Oy iChily;
1= ]
1 m
Ta; - a, ; Qi1 ChyiBra1Chat s

1 nm 1
(Y a,iia, B
a .- ak ~ i i+k—=117"7 i+k

From these formulas we see that the sequence {pm(T)ekl m=1,2, ++-} is increas-

ing in norm. Further, using Lemma 5.4, lim (T)e, =Ce, for k=1, 2, «+-.
8 g bl E

m — too
In particular, this implies that

o, (De I <llcll  (k=1,2,...).

The last formula shows that each p_(T) is bounded on the set {e reye

y €yttt

But then the same is true for

BoaTh=ajo,---alp (T)-p (DI,

where n=1,2, -+ .

Now suppose that 0 <|a,| < |a,| <--- and that lim _ , |a | =+ . Then
Lemma 5.3 shows that none of the powers of T is bounded on {e p ey €yt 4.
Combining this result with the conclusion of the previous paragraph, we see that
Bn'H =0 forn=1,2,-..--. Hence Ce1= 'Blel' But then we can use Lemma 5.4
to show that Ce, = Be, (k=1,2,--.). This implies that C is a multiple of the
identity on /,.

E. A. Nordgren [12] has proved that a Donoghue operator (i.e. a backwards

shift with positive, montone, square summable weight sequence) on [, does not
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commute with any closed, unbounded linear operator. The present result seems to
be a sort of inverse of Nordgren’s result.

d. Suppose T is a closed linear operator with a nonempty resolvent set.
Then there always exist bounded operators commuting with T. .Let fr— f(T) be
the usual Dunford-Taylor operational calculus. It is easy to see that f(T) is a

bounded linear operator commuting with T for any admissible function f.
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